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1 Introduction. 

Let X be an algebraic surface over a perfect field k . Let C be an irreducible curve on 
X , X a. point on C . From such data it is possible to construct an artinian ring K^^c , 
which is the finite direct sum of two-dimesnional local fileds Li (see [17], [3], [7]). 

Each two-dimensional local field Lj = ki{{ti)){{ui)) , where the field ki is a finite 
extension of the field k . For the point x , which is a smooth point on X , each of fields 
ki coinsides with the residue field of the point x . For the point x , which a smooth point 
on X and C , the ring K^ c is only a two-dimensional local field. 

On a two-dimensional local field L = k{{t)){{u)) there exists a discrete valuation of 
rank 2 : 

(z/i,z/2) : L* — >Z®Z 



We define a symbol ul 



K2{L) 



Z 



^L{f,g) 



Mf) Ma) 
Mf) Ma) 



where f,g & L* . 

Such symbol was used in [16] for the description of the intersection theory of divisors 
on algebraic surface. 

Also in [15] the symbol ul was used for the description of non-ramified extensions of 
the field L for the finite field k . 

If L'/L is non-ramified extension, then the reciprocity map maps 

K2iL) 9 if,g) ^ Fr^^(/.s) e Gal{L'/L), 

where Fr is the Frobenius automorphism lifted to an element from the Galois group 
Gal{L'/L) . 

For Kx^c = ®Li we define 



^x,c = ®[ki-k]- 

i 

For Vx^c the following reciprocity laws hold. 
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We fix a point x E X , then for any f,gE k{X)* in the following sum only the finite 
number of terms are not equal to zero, and 

CBx 

where we take the sum over the all irreducible curves C on X that contain the point x . 

We fix an irreducible projective curve C on a smooth surface X . Then for any f,g& 
k{X)* in the following sum only the finite number of terms is not equal to zero, and 

^x,c{f, g) = 0, 

where we take the sum over the all points x of the curve C . 

We interpret Ux^c as the commutator of lifting of elements in some central extension 
of the group k^X)* . For this goal we use the notion of dimension theory, which was 
introduced by Kapranov in [11]. 

We give the proof of the reciprocity laws using the splitting of central extension over 
the rings of adeles connected with the points on surfaces and with the projective curves 
on surfaces. 

The proof is similar to the Tate method on sum of residue of differentials on the 
projective curve, see [19], [2]. 

During the work on this article the works [6] and [18] were useful for me. 

I am very grateful to A.N. Parshin for his attention to this work and helpful discussions. 

1 am grateful to H. Kurke and A. Zheglov for some discussions. 

2 Construction of the group. 

2.1 Linearly locally compact vector spaces. 

Definition 1 [5, ch.III, ^2, ex. 15-21]] A topological k -vector space V (over a discrete 
field k ) is called a linearly compact space, if the following conditions hold: 

1. the space V is a complete and Hausdorff space, 

2. the space V has a base of neighbourhoods of consisting of vector subspaces, 

3. every open subspace in V has finite codimension. 

Definition 2 [12, ch.2 ,%6] A topological k -vector space W (over a discrete field k ) is 
called a linearly locally compact space, if it has the base of neighbourhoods of consisting 
of linearly compact open subspaces. 

Let a field k' be a finite extension of the field k . An example of linearly locally 
compact space is the field of Laurent series K = k'{{t))) with the base of topology given 
by subspaces 

Un = t^OK, 

where the ring Ok — k'[[t]\ is a hnearly compact space. 
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Lemma 1 1. If a k -vector space V is a linearly compact space, then for any closed 
subspace H we have that the spaces H and V/H are linearly compact spaces. 

2. If a k -vector space W is a linearly locally compact space, then for any closed 
subspace E we have that the spaces E and W/ E are linearly locally compact spaces. 

Proof. Item 1 proved in [12, ch. 2 ,§6]. The proof of item 2 follows at once from item 1 
and the definition of linearly locally compact space. 

□ 

Definitions If k -spaces Vi and are linearly locally compact spaces, then T-iom{yi,V2) 
consists of k -linear continuous maps between Vi and V2 . 

The field of Laurent series K — k'{{t)) is a one-dimensional local field over the field 
k . We denote the ring of k -linear continuous maps 

End{K/k) = nom{K, K). 

We define the group of invertible elements of this ring by 

GL{K/k) = End{K/k)*. 

2.2 Algebra of endomorphisms of two-dimensional local field. 

Let a field k' be a finite extension of the field k . We consider now the field of iterated 
Laurent series 

L = k\m{u)). 

Such a field is called a two-dimensional local field over the field k . The field L has the 
first residue field L = k'{(t)) , which is a one- dimensional local field over the field k . 
We consider now the ring Ol = k'{{t))[[u]] . We define for any integer n a space 

o^^u^k'imiu]]. 

If m < n, then the /c -vector space Om/On is a linearly locally compact space with the 
topology induced by open subspaces Ei — t''u'^k'[[t,u]]/t''u'^k'[[t,u]] C Om/On- 

Definition 4 Let L — k'{{t)){{u)) be a two-dimensional local field over the field k . We 
say that a k -linear map A : L ^ L is from End{L/k) , if the following conditions hold 

1. for any integer n there exists an integer m such that AOn C O^ , 

2. for any integer m there exists an integer n such that AOn C Om , 

3. for any integer Ui < n2 and mi < m2 such that AO^ C O^i and AOn2 
we have that the induced k -linear map 

belongs to nom{OnJOn2,OmJOm2)- 
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Proposition 1 1. End{L/k) is a k -algebra. 

2. For any integer m there is an embedding of algebras End{L/k)®^ ^ End{L/k) . 

3. For any integer m there is an embedding of algebras gl{m,L) ^ End{L/k) . 

Proof. Item 1 follows easy from the definition of End{L/k) . Therefore we give the proof 
of items 2 and 3. We have L — L{{u)) . Let , 1 < i < m be a standart basis in L®"* , 

i 

We consider a L -linear isomorphism : L®™ — > L 

ij id 

Then any k -linear operator A , which acts on L®"^ , under the map 

A ^ (f)A(f)-^ (1) 

goes to a /c -linear operator, which acts on L . In the definition 4 we can change the spaces 
Oi (for all integer I ) to the spaces Oim for any fixed m . And 

i 

Therefore after the easy verification we get that the map (1) gives an embedding of 
algebras End{L/k)®"^ and gl{m, L) , which act on L®"^ , to the algebra End{L/k) . 

□ 

From the proposition above we obtain at once the following corollary 

Corollary 1 For any natural m we have an embedding of toroidal Lie algebra 

glim., /c[t, u~^]) ^ End{L/k). 

Remark 1 The field L = k'{{t)){{u)) = k'{{u)){{t}} , where k'{{u)){{t}} denotes the 
following expressions: 

i=+oo 
i=— oo 

where lim viai) — and for all i we have viai) > Cq for some integer c„ , and v is 

i— >— oo 

the discrete valuation of the field k\{u)) . 

Then for any natural m we have a well-defined (it)) -linear isomorphism 

i^:L®"^^L , i;{Y,aijt^e,) = J2a,jt"'^+'-\ a,, e k{{u)). 

The isomorphism ip gives an another embedding of algebra gl{m, L) to the algebra 
End{L/k) by means of the action of gl{m, L) on L®"* . 
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Further wc will need the following corollary 

Corollary 2 An action of the field L on L by multiplications gives a canonical embed- 
ding 

L ^ End{L/k). 

Remark 2 The algebra End{L/k) was defined by A. Beilinson in [3] for a multidimen- 
sional local field. The field 

L = lim lim 

n m>n 

It is not difficult to understand that the definition of End{L/k) copies the definition of 
morphisms in /ndPro -category. See the abstract description of this in appendix to [4]. 

2.3 Topology of two-dimensional local field. 

On the field L = k'{(t)){{u)) there is a standard topology, where the base of neighbour- 
hoods of zero are k' -subspaces 

Y^Uiy + Om, (2) 

i 

where Ui^ = t^^k'[[t]] are open A;' -vector subspaces from k'{{t)) and m is an integer 
number. Wc note, that the spaces Om are closed in this topology, and the subspaces 
Cm/ C'n are linearly locally compact spaces with the induced topology. 

Lemma 2 The algebra End{L/k) acts continuously on the field L . 

Proof. We consider any clement A G End{L/k) and some open subspace V = + 
Om ■ Then from the definition of the algebra End{L/k) it follows that there exists an 
integer n such that AOn C Om- From the definition End{L/k) it follows that there exists 
mi < m such that AOn-i C Om^ . There exists an open subspace Ek^ C On-i/On such 
that AEk^ C n OmjV n Om) ■ Now there exists m2 < mi such that AOn-2 C 0^2 ■ 
Then there exists an open subspace Ek^ C (0„_2/Cn) such that 

AEk, C (y n OmjV n Om) and Ek, n C Ek, . 

In the same way we define now by induction for any natural i an integer mj < mj_i such 
that AOn-i C Omi , and we define an open subspace Ek^ C On-i/On such that 

AEk, C (1/ n OmJV n Om) and E^, n {On-i+l/On) C Ek,_, . 

Then the space W — + On is open in L , and we have AW C V . 

□ 
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Remark 3 Let X/ k be an algebraic surface over a field k . For any irreducible curve 
C <Z X and any point x & C one can canonically define a ring 

K,,c = k{X) ■ lim(a,X(j^) • JS', 

m 

where Jc is the ideal of the curve C in the local ring O^^x of the point x on the surface 
X , the ring Ox,X(^j^^ is the localization of the ring Ox,x along the prime ideal Jc ■ 
Then the ring 

Kx,c = ®Ki, 

where every Ki is a two-dimensional local field over the field k , and the direct sum 
is over the finite set. On the ring K^^ there is a natural topology of inductive and 
projective limits, which comes from the construction of the ring. On the field we have 
the induced topology. In each two-dimensional local field we can choose the system of 
local parameters ti, Ui and isomorphism ki{{ti)){{ui)) = Ki such that the topology on the 
field Ki coincides with the standart topology (2) of the field ki{{ti)){{ui)) (see [10]). (For 
the smooth point x on X each of fields A;,; coinsides with the residue field of the point 
X .) Another choice of local parameters gives a continuous automorphism of the field K^ , 
which preserves the subrings Om in Ki . Hence we have that the algebras End{Ki/k) 
do not depend on the choice of local parameters U^Ui. 

Definition 5 Let L — k'{{t)){{u)) be a two-dimensional local field over the field k . Then 
we define a group 

GL{L/k)^End{L/k)*. 



3 Central extension. 



3.1 Dimension theory. 

Let y be a linearly locally compact space over the field k . For any two open linearly 
compact /c-subspaces A and B from V we define 

B A 
[A\ B]i = dimfc - dim^ 



AnB AnB 

This definition is correct, since every open subspace in a linearly compact vector space 
has finite codimension. We have the following property. 

Lemma 3 For any three open linearly compact k -suhspaces of a space V the following 
formula holds 

[A\B]^ + [B\C]^ = [A\C]^. 

Proof. It is easy to understand that for any open linearly compact k -subspace U <Z A, 
U G B the following formula holds 

[A\B]i = diuikB/U -diuikA/U. 

Now we choose such anC/cA, U C B , C/cC, and we obtain the statement of lemma. 
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□ 

Definition 6 [11] Let V he a linearly locally compact space over the field k . An integer 
value function d on the set of open linearly compact subspaces of the space V is called 
the dimension theory, if for any two open linearly compact subspaces A and B from V 
we have 

d{B)^d{A) + [A I 

By Dim(K) we will denote the set of dimension theories of the space V . 
The following proposition is from [11]. 

Proposition 2 1. Dim(y) is a Z-torsor. 

2. For each short exact sequence of k -spaces 

^ V^i ^ ^ ^ 0, (3) 

where V is linearly locally compact, Vi is closed in V , and Vi is with the restriction 
topology, V2 is with the factor topology, we have the natural isomorphism of 
torsors 

Dim(y') Bim{V") — > Dim(l^). 

Proof. Let d he a dimension theory on V , then after the addition of an integer number 
to the values of d wc obtain the new dimension theory on V . This action of Z makes 
from Dim(l^) a Z-torsor. 

Let di be a dimension theory on Vi , and d2 be a dimension theory on V2 , then for 
any linearly compact subspace U from V we define 

di ® d2{u) = di{u n Vi) + d2{u/u n Vi). 

Now di <S) d2 is a well-defined dimension theory on V . 

□ 

Remark 4 Any linearly compact subspace W from V determines canonically dw £ 
Dim(\^) by the following rule 

dw{U) = [W I 

3.2 Z-torsor of relative dimension theories. 

We consider a k -vector space 

M = l[U, 

iei 

where / is some set, and every Lj = ki{{ti)){{ui)) is a two-dimensional local field over 
the field k . On each Lj there is the topology, and therefore on M there is the topology 
of product. 
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For any two closed k -subspaces Wi , W2 from M such that there exists a closed 
/c-subspace W G Wi , W (IW2 and the spaces Wi/W and W2/W are hnearly locally 
compact with induced topology from M we define a Z -torsor 

[Wi I W2; W]2 = Homz(Dim(l^i/iy), Bim{W2/W)). 

We have the following evident lemma: 

Lemma 4 Let Wi,W2,W3,W are closed k -subspaces from M such that Wi/W , 
W2/W , Ws/W are linearly locally compact. Then there is a canonical isomorphism 
of Z -torsors 

[W^ I W2, W]2 ®z [W2 I W^- W]2 [W^ I W^- W]2 

Lemma 5 Let a k -suhspace W C W satisfies the same conditions as W . Then there 
exists a canonical isomorphism 

[W^ I W2, W']2 [W^ I W2, W]2 

Proof. Prom proposition 2 we have 

Dim{Wi/W') = Dim{Wi/W) ®z Bim{W/W') 
Bim{W2/W') = Dim{W2/W) ®z Bim{W/W'). 

Therefore let G Homz(Dim(l^i/Vr), Dim(1^2/W^)) , then for a fixed a e Bim{W/W') 
we define 4>'{d (8) a) = (f){d) (g> a , where d G Dim(l^i/W^) . Then 

0' G Rouiz{'Diui{Wi/W'),'Dim{W2/W')), 

and an isomorphism 1— > 0' does not depend on the choice of a . 

□ 

Due to the last lemma we can give the following definition. 
Definition 7 Let k -subspaces Wi and W2 be as above. We define 

[Wi\W2]2 = lim [Wi\W2]W]2 
w 

Proposition 3 1. [Wi \ W2]2 is a Z -torsor. 

2. Suppose that for closed k -subspaces Wi,W2,Wz there exists a closed k-subspace 
W gWi, W CW2, W CW3 such that WJW , W2/W W^/W are linearly 
locally compact spaces, then there exists a canonical isomorphism 

[Wi I W2]2 ®Z [W2 I W^]2 [W^ I W3]2, 

and for any four closed k -subspaces Wi,W2,W3,Wi such that there exists a 
closed k-subspace W with linearly locally compact spaces Wi/W , W2/W , W3/W , 
W4/W we have that the following diagram is commutative. 

[Wi I W2]2 ®Z [W2 I W3]2 ®Z [Ws \W42 [Wi I W2]2 ®Z [W2 \ W^h 

i i (4) 

[W, I Ws\2 [Ws I W4\2 [W^ I W4\2. 
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Proof. The sets [Wi \ W2;W]2 are Z-torsors. We identify all these sets by means of 
projective limit with isomorphic maps. Therefore [Wi \ W2\2 is a Z-torsor as well. 

We check at once by lemma 4 the other statements for the fixed W , and they commute 
with the replacement W by W . Therefore we have these statements for [Wi \ W-i^i after 
the passing to projective limit. 



□ 



3.3 Central extension GLw - 

Now let M — L = k'{{t)){{u)) be a two-dimensional local field over the field k . We recall 
that On = u"-k'{{t))[[uW . We consider a closed /c-subspace W C L such that there exist 
integers rii < n2 with the property 

Or^.dWd (5) 

Then for any element g G GL[L/k) we get from definition 4 that there exist integers 
k < I such that 

Ok(igW(i Oi. 

Therefore for any li > I b, /c -vector space gW/Oi^ is a linearly locally compact space. 
Therefore for any I2 > max (/i, 77,2) a Z-torsor \W \ gW]Oi^2 is well-defined, and 
therefore a Z-torsor \W \ gW]2 is well-defined as well. 

Moreover, for any hi,h2 G GL{L/k) a Z-torsor [hiW \ h2W]2 is well-defined. 

By lemma 2 the group GL{L/k) acts on L continuously. Therefore for any two 
elements gi, g2 G GL{L/k) we have a canonical isomorphism 

g^[h^W I h2W]2 [gih^W I gih2W]2 

such that 

92{9i{d)) = {g29i){d), (6) 

for any d G [hiW \ h2W]2 ■ 

Definition 8 We define a set of pairs 

GLw = {g,d), 

where g G GL{L/k) , d G [W^ | gW\2 . 

We can multiply these pairs by a rule 

(^1, dx){g2, d2) = (51^2, digi{d2)), (7) 

here we used an isomorphism [W \ giW]2 ®'l \9]W \ g\g-iW\i — ^ [M^ | g\giW\2 , and also 
that gx{d2) G \g]W \ gig2W]2 . 

Proposition 4 1. The multiplication, which was defined by the equality (7), makes 
the group from the set GLw ■ 



9 



2. For any other closed k -subspace W such that Omi C W C for some integers 
mi , 777,2 we have a canonical isomorphism 

3. We have a central extension 

— >Z — > GLw GL{L/k) — > 1. (8) 

J,.. Let H he a subgroup in GL{L/k) such that for any element h E H we have 
hW C W , then the central extension (8) splits over the subgroup H . 

Proof. It is clear that the unit of the group is an element (e, do) , where do is a function 
on the zero space with zero value. Also from the construction it follows the existence 
of the inverse element. The associativity of multiplication follows from diagram (4) and 
equality (6). Therefore GLy/ is a group. 

Now we consider the subspace W . We fix an arbitrary element c e \W' \ W]2 ■ Then 
a map 

{g,d)^{g,cdg{^^)) , de[W\gW]2, 

gives an isomorphism of GLw onto GLw' ■ It is easy to see that this isomorphism does 
not depend on the choice of the element c e \W' \W\2. 
A map 

{g, d)^ g 

gives the map vr of the group GLt^ onto the group GL{L/k) with the kernel Z. 

Item 4 follows from the definition, since [hW \ W]2 = [W \ W]2 is a trivial Z-torsor. 
And we can take the zero element as a section. 



□ 



3.4 Symbol pl- 

Let L = k'{{t)){{u)) be a two-dimensional local field over the field k, L = k'{{t)) is its 
residue field. The field L has a discrete valuation of rank 2 : 

(z/i,z/2) : L*^Z©Z, 

where 1/2 is the usual discrete valuation with respect to the local parameter u , and 



where ui is the discrete valuation of the field L. We note that the valuation 1/2 is 
determined canonically by L , but vi depends on the choice of local parameter u in the 
field L. 

We define a map 

ul : L* xL* — >Z 

by the following formula 

„ (f n\- ^l(^) 



(9) 
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Proposition 5 1. The map ul does not depend on the choice of local parameters t,u 
of two-dimensional local field L . 

2. The map vl is a himultiplicative and skew- symmetric map. 
Proof. The proof of this proposition follows from exphcit formula (9). 

□ 

Remark 5 One can demonstrate that the map ul coincides with the composition of the 
following maps 

L* X L* — > K2{L) ^L* ^Z, 

where the map di is the boundary map in algebraic X -theory. The map 82 coincides 
with the tame symbol with respect to the discrete valuation 1^2 of the field L . The map 
di coincides with the discrete valuation of the field L . 

Remark 6 The symbol was used in [16], [13] for the description of intersection index 
of divisors on algebraic surface by means of adelic ring of algebraic surface. 

Besides, wc note that the symbol ul appears for the description of non-ramified 
extensions of two-dimensional local fields when the field k is finite, see [17]. 

3.5 Commutator <, >i. 

We consider the central extension (8) 

— >Z — > GLw GL{L/k) — > 1. 

Definition 9 For any two elements a,b & GL{L/k) such that the commutator [a,b] = 1 
we define an element 

<a,b>L^ [a',b'] e Z, 
where a' e Gw and b' e Gw are any under condition n{a') = a, nip') = b. 

It is clear that < a,b >l docs not depend on the choice of corresponding a' and b' . 
Besides, < a,b >l does not depend on the choice of W , since the central extension (8) 
does not depend on the choice of W due to item 2 of proposition 4. 

Proposition 6 1. The map < , >l is a himultiplicative and skew-symmetric map. 
2. 

< a,b >L— c{a,b) — c{b,a), (10) 
where c( , ) is any cocycle which gives the central eoctension (8). 
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Proof. The skew-symmetric property is clear. We prove the bimultiphcativic property. 
For any group we have the following formula 

In our case [6', c'] is a central element, and therefore 

< a6, c >L=< a^c>L -\- <h^c>L . 

Formula (10) follows from the exphcit construction of a cocycle by the central extension 
and the definition of < , >l . 

□ 

We recall that L = k'{{t)){{u)) . From corollary 2 of proposition 1 we have that 
L* c GL{L/k) . 

Theorem 1 For any elements f,g & L* we have 

<f,g>L^ [k' :k]-iyL{f,g) 

Proof. Let W = Ol = k'{{t))[[u]]. Both < , >l and [k/ : k] ■ ul are bimultiplicative 
and skew-symmetric. We have a multiplicative decomposition 

L* ^L*xu^x Ul, 

where U\ = 1 + uk' {{t))[[u\] . Therefore for the proof of theorem it is enough to consider 
the following cases. 

1. Let f,g eL*xUl. Then ulW, g) = ■ On the other hand JOl = Ol , gOi = Ol ■ 
Therefore from item 4 of proposition 4 it follows that < f,g >l= . 

2. Let f e L* , g — . Then u~^) — —viif) ■ We fix any element d from 

Dim(L) = Dim{OL/u-^OL) = liomz{'Dim{0),Dim{O l/u-^Ol)) = [Ol \ u-^Ol]2. 

Let /' = (/, do) , g' = {g, d) be elements from GLw , where do is the zero function. 
Let /c'-subspace U = k'[[t]] . Then 

/V = (fu-\ m) and g'f = (fu-\ d). 

Therefore 

< Lg>L^ [f\g'] = f{d){u)-d{u) = d(r\u))-d(u) = [u \ r'u], = -uM-[k' k]. 

□ 
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3.6 Additivity < , >m=< , >Mi + < , >M2 • 
Similar to section 3.2 we consider a -space 

where every Lj is a two-dimensional local field over the field k . We fix a /c -subspace 
Wi C Li for all i e / such that for every Wi condition (5) from section 3.3 holds. We 
consider a group H such that for any i we have an embedding 

H C GL{Li/k), 

and therefore we have an action of the group H on each Lj . We suppose that for any 
element h E H for almost all i C / we have 

Let 

W^JJWi 

iei 

be a A; -subspace in M . Then similar to definition 8 we define a group Hyy as the set of 
pairs {h, d) , where h E H , d e [W \ gW]2 ■ We have the following central extension 

— >Z — >Hw — >H — ^1. 

For any two elements a,b E H such that [a, 6] = 1 we can like in definition 9 define 
< a,b >M— [a', ^''] , where a' and b' are arbitrary liftings of elements a and b to H^r . 

Proposition 7 Let I — IiU I2 be the set of indices. We consider k -spaces 

Mi=l[Li , Wi=X{Wi , 1^1,2. 

ieii ieii 

Then for any commuting elements a,b & H we have 

< a,b >M=< a, b >Mi + < a, 6 • (11) 

Proof. We have 

M = Ml X M2 and W ^W^x W2. 
For any h E H we have 

[hW I W]2 = [hWi I Wi]2 ®Z [hW2 I W2\2. 

Therefore the central extension 

— — ^Hw — > H — ^1. 
is obtained as the sum of central extensions 

— >Z — > Hw, — > H — ^ 1 and 

— >Z — ^Hw^ — — > 1 
and the addition of kernel Z®Z — > Z . Therefore formula (11) follows from formula (10). 

□ 
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4 Reciprocity laws around points. 

Let X be an algebraic surface over a field k . We fix a smooth point x on X . Let Ox,x 
be the completed local ring of the point x on the surface X . We consider an adelic ring 
of the point x : 



= { {If} & Yl ^x,F such that fp £ Ok^ p for almost all F, 

where the product is over all prime ideals F of the ring Ox,x , which have codimension 
1 , and 

Kx,F = FYac (Imi dx,x^F) ^x,x^f^). 

m 

The ring Ox,X(^p) is a localization of the ring Ox,x along the prime ideal {F) . 
Let c Frac(C'a;^x) be a free O^j^x -module. We consider a complex Ax{^) '■ 

Proposition 8 The cohomology groups of the complex Ax{^) are linearly locally compact 
k -spaces. 

Proof. The module gives a locally free sheaf on a scheme Spec Ox^x ■ This sheaf we 
will denote by the same letter . Then from the definition of adeles on arbitrary schemes 
(see [3], [9]) we get that the complex Ax{^) is an adelic complex of the sheaf on a 
one-dimensional scheme 

U ^Spec6x\x 

( [/ is a formal neithbourhood of the point without the point.) Therefore the cohomology 
groups of the complex Ax{J^) coincide with the cohomology groups H*{U,J- \u) ■ 
But for any i the following formula holds 

H'{U, T \u) = lim ExtJ^^ ^(m^ , T), (12) 

n 

where rUx is the maximal ideal of the ring Ox,x ■ 
Equality (12) follows from the following formula 

i/0([/,6;|t;)=limHom^^^^(m^,^), 

n 

where Q is any module over the ring Ox,x (see [8, ch.3, ex. 3.7]). 

Now we apply a functor Hom(-,^) to an exact sequence of O^j^x -modules 

^ ^ 6x,x Ox,x/m2 (13) 
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We get an exact sequence 

^ ^ ^ Hom^^^(m:, T) Ext^^^(4,x/m^ , ^) ^ 

We have always that A; -spaces Ext*^ ^{Ox,x/'m^ , ^) are finite dimensional (see lem- 
ma 6 below). Therefore H'^{U,J^ \u) is a locally hnear compact space, where a linearly 
compact subspace is with a base of topology given by the powers of maximal ideals 

For the smooth point x we have Ext^ ^{Px,x/i^^ ^ ^) = ^ ■ Therefore for the smooth 
point X we have H^{U,J-' \u) = T . 

From exact sequence (13) we get that 

Ext^^^^(m« , T) = ExtJ^^^(a,,x/m« , T). 

Therefore 

H\U,T\u)^V^ ExtJ^^(a,/m^ ^). 

n 

is an inductive limit of finite dimensional A; -spaces, i.e., a discrete space, which is a linearly 
locally compact space. 

□ 

After proposition 8 we can define a Z-torsor 

Dim(A(J^)) = Homz(Dim(i7i(A(^))) , Dim(i7°(^,(J^)))) 
Let T C Frac((!)a;^x) be a free Oa;_x -module. We define a A; -subspace 

Since Ax C Yi K^^f , we can define the following Z-torsor similar to section 3.2. 

Definition 10 For any two free O^^x -modules T and Q such that T C Frac(C'j;^x) 
and Q C Frac((9a;^x) 'W'e define 

[Wr I Wg\2 = hm [W^ \ Wg ; Wnh, 

Wn 

where the limit is taken over all free Ox,x -modules 7i such that Ti d J- and 7i G Q . 
We recall that from proposition 3 we have a canonical isomorphism of Z-torsors: 

[Wr I Wgh ®z [Wg I Wnh [Wr I Whh, 
where J-' , Q and H are any three free Oaj^x -modules such that 

J^cFYac(4,x) , C Frac(a,x) , 7i C Frac(a,x). 

We have the following proposition 
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Proposition 9 For any two free Ox,x -modules T and Q such that 

T C Prac(6^,x) and Q C Prac(0^,x) 
we have the following canonical isomorphism of Z -torsors 

[Wjr I Wg]2 Homz(Dim(A(J^)), Dim(^,(e;))) (14) 
and for any three free Ox,x -modules T , Q and H. such that 

C Frac(a,,x) , C Frac(a,,x) , 7i C Frac(a,,x) 

we have that isomorphism (I4) maps an isomorphism 

[W:p I Wg\2 ®z [Wg I Wn]2 [Wr \ Wnh 

to the composition of Horn for 1^ -torsors Dim(^j;(^)) , Dim(^j;(^)) , Dim(^^(?Y)) 

Proof. Prom the definition of [l^jr | Wg\2 it is clear that it is enough to prove the 
proposition when 

We consider an exact sequence of sheaves on a scheme Spec Ox,x 

— >T — >g — >g/T — ^0. (15) 

We restrict exact sequence (15) to the subschcmc U = SpccOx,x \ x , and wc apply 
the functor of adeles on the scheme U to this exact sequence. Since adelic rings are exact 
functors (see [3], [9]), we have the following exact sequence of complexes 

A(^) AxiG) Ax{QlT) 0. (16) 

The scheme U is one-dimensional, and a sheaf {Q / J^) \u has a support on a zero- 
dimesional subscheme of U . Therefore an adelic complex Ax{G/J') has only the zero 
component, which is equal to H^{U,Q/T \u) ■ Since 

H\U,g/T \u) = limHom^^_^(m^ , G/J'), 

n 

we have 

DimiAxiG/J')) = Dim{H%U, {GjT) \u)) = \T \ Gh- (17) 

We consider the long exact cohomological sequence which is associated with sequence 
of complexes (16) 

^ H\U, T \u) ^ H\U, G \u) ^ H\U, {GIT) \u) ^ T \v) ^ G\u)^^. 

We split successivly this sequence on short exact sequences 

J^(o) Gio) {G/T)^o) (18) 
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(^/^)(o) — (^/^)(i) {QIT\^ (19) 

{QlT)i2) 0(2) 0. (20) 

Here ^(o) = H'{U,J^\u) , 6^(o) = H%U,g \u) , (6?/^)(i) = H'^iU, {QjT) \v) , 
^(2) = H\U,J' \u) , 0(2) = H\u,g \u) . 

From the explicit proof of proposition (8) it follows that exact sequences (18)-(20) are 
exact triples of linearly locally compact k -spaces with closed kernels, with the induced 
topology on the kernels, and with the factor topology on the factorspaces. Therefore from 
proposition 2 we obtain an isomorphism of Z-torsors 

Dim(J^(o)) Dim((^/:F)(o)) — > Dim(^(o)) 

Dim((^;/^)(o)) ®z Dim((^;/^)(2)) Dim((e?/J^)(i)) 

Dim((6?/J^)(2)) Dim(^(2)) Dim(J^(2)). 

Hence and in view of (17) we get isomorphism (14). 

The compatibility of isomorphism (14) with the filtration T <Z Q <Z H, follows from 
the exactness of the following diagram of linearly locally compact k -spaces: 



{g/T)(o) (H/^)(o) {n/g)(o) o 
(^/^)(i) {n/:F\,) in/g)a) o 
(6?/^)(2) (7i/^)(2) {n/g)(2) 

J, J, J, 





□ 



We consider a k -space 
We consider a group 

H = Frac(a,x)*, 

which acts on H Kx,f in the diagonal way Similar to section 3.6 we obtain a central 
extension 

— >Z — >Hw — >H — ^1. (21) 



Proposition 10 The central extension (21) splits. 



17 



Proof. There is a natural action of the group H on the set of complexes Ax{^) '■ 

heH : — > A^ihJ^) 

It follows from the proof of proposition 8 that this action induces a well-defined action on 
Z-torsors: 

heH : Dim(A(^)) — > Dim{Ax{hJ^)) . (22) 

This action will be compatible with isomorphism (14), i.e., the following diagram is com- 
mutative 

[W:p\Wg] Homz(Dim(A(^)),Dim(^,(^;))) 

i i 
[hJ^lhg]^ — > }iomz(Dim{Ax{hJ^)),Dim{Ax{hg))). 

To prove the splitting of central extension (21) we define another central extension 
of the group by Z as the set of pairs {h, d) , where heH and the element d is from 
a Z-torsor Hom2(Dim(^a;(03;^x)), Dini(v42:(/iOx,x))) ■ The multiplication in H{y given 
by a rule {h, di){g, c?2) — {hg, di h{d2)) makes a group from H^y . 
Now an isomorphism (14) of Z-torsors 

[W I hWh Homz(Dim(A(a,x)),Dim(A(/ia,x))) 

induces an isomorphism of central extensions: H\y — > H'y^ . But the central extension 
H'-^ has a canonical splitting, which maps an element h E H to the action (22) of element 
h on Dim{Ax{Ox,x)) , i-e., to an element from Hom^(Dim(^a,(C'a; x)), ^i^{Ax{hOx,x))) ■ 

□ 

Theorem 2 Let f,ge Frac O^x ■ Then the following sum contains only a finite number 
of non-zero terms and 

E ^.,f(/,5) = 0, (23) 

where the sum is taken over all prime ideals of codimension 1 in the ring Ox,x ■ 
Proof. According to theorem 1 we have 

^xAf^ 9) =< 9 >K^,F ■ 

Therefore we will prove (33) for < , >k^ p ■ We choose free Ox,x -modules Tii C Ox,x and 
^2 C dx,x such that Hi C dx,x , ^2 D dx,x , Hi C fdx,x C 7^2 , Hi C gdx,x c . 

Let / = Supp {H2/'Hi) be a set of prime ideals F which are the support of Ox,x- 
module 'H2/'Hi. The set / is finite. (We chose the set / such that it contains all the 
zeroes and poles of functions / and g in Ox,x ■) Let 

Ml = n Kx,F , M2=l[Kx,F , M^M^x M2. 
Fei F^i 
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Then according to proposition 7 we have 

< f,9 >M=< /, 9 >Mi + < f,9 >M2 ■ 

We have 

/ n Ok.^, = n Ok.^, and g [] ^i..,. = H ^i^.,.' 

Therefore similar to the proof of item 4 of proposition 4 we get that the central extension 
HM2nw splits over a subgroup generated by the elements / and g . Now in consideration 
of proposition 6 we get 

< f,9 >M2= 0. 

Prom proposition 10 we get < f^g >m= . Therefore we have 

0^<f,9 >Mi= Y.<f^9 >K,,F ■ (24) 

For any F ^ I the following formula holds 

fOK^, = Ok^ ,^ and gOK^ , ^Ok^ ,, 

therefore < fig >K^p= when F ^ I . The last expression together with equality (24) 
is equivalent to the statement of theorem. 

□ 

Corollary 3 Let f,g& k{X)* . Then the following sum contains only a finite number of 
non-zero terms and 

E^a.,c(/,^) = 0, (25) 

CSX 

where the sum is taken over all irreducible curves C d X going through the point x . 

Proof. Let Jq C O^^x be an ideal of the curve C in the local ring Ox,x of the point x 
on X . Suppose that with an ideal Jc ■ O^^x in the completed ring Ox,x are associated 
prime ideals Fi, . . . , F^ , then 

m m 

Kx,C = Kx,Fi , Vx,C = l^x,F,- 

i=l i=l 

Suppose that a prime ideal F of codimension 1 in the ring Ox,x are not associated 
with some ideal Jc-Ox,x for some irreducible curve C C X , then F — F'nOx,x for some 
prime ideal F' from a one-dimensional ring k{X) ■ Ox,x ■ Then we have < f,g >k^ p— 
for /,^e A;(X)*. 

Now we apply theorem 2. 

□ 
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Remark 7 The results of this section hold also for singular points x on the alge- 
braic surface X . As before, we have to consider adelic complexes on the schemes 
U = Spec Ox,x \ X . Then the key tool is proposition 8. For its proof we have to ap- 
ply the following lemma 

Lemma 6 Let x & X be any point on algebraic surface. (The point x can be singular.) 
Then for any finitely generated Ox,x -module Q k -spaces 

are finite dimensional. 

Proof. At first, we compute Ext^ ^{(Dx,x/fn^x^-) as a functor of the second argument 
through an injective resolution of O^^x -modules. Hence we get that the groups 
Ext^ ^{Ox^x/^"^ are annuled by as -modules. Now we compute the groups 
Ext!A (■, Q) as a functor of the first argument through a free resolution of Ox x -modules. 

^x,X ' 

Hence we get that the groups Ext^ ^(■, Q) are finitely generated as -modules. 
Therefore the /c -spaces Ext^ ^{Ox,x/mJx i finite dimensional over k. 

□ 

5 Reciprosity laws along the curves. 

5.1 Adelic complex connected with a curve on a surface 

Let X be a smooth algebraic surface over a field k . Let C be an irreducible curve on 
X. 

Let T he & coherent sheaf on X . We construct an adelic complex Ac {J-') of abelian 
groups in the following way: 

Ac{:F) = lim lim Ax{:f^ox Jc/Jc)- 

n m>n 

Here Jc is an ideal sheaf of the curve C on X , and Ax is a functor from coherent 
sheaves on X to adelic complexes on X (see [3], [9]). 

The complex Ac(^) has not more than two members, since the sheaf T ®Ox Jcl '^c} 
comes from some infinitesimal neighbourhoods of the curve C m. X . 

Proposition 11 Let 

— >T — >g — >n — >o 

he an exact triple of coherent sheaves on X . Then the following triple of complexes of 
abelian groups is exact 

AciJ") Ac(G) Ac(n) 0. 
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Proof. Injective limits preserve the exactness of complexes. Therefore for any integer n 
it is enough to prove the exactness of a functor 

m>n 

For any coherent sheaf JF on X and integer n we define JF„ = JF Jq . 
For any natural / is exact the following sequence of sheaves on X 

> Tnl JcQn n J^n ^ Qn/ Jc^n ^ "^n/ Jc'^n ^ 0. 

The functor Ax is an exact functor, therefore the following sequence of complexes is 
exact: 

For any I > I' the maps 

n/ Jc^n n ^ ^ n/ Jc^n ^ 

are surjective, therefore are surjective the following maps 

■Ax{^n/ JcQn n J^n) ^ Ax{^n/ Jc^n H J^n) ■ 

Therefore the functor lim is exact. Therefore the following sequence is exact: 

limAx{y^n/JhSnnJ^n) ^ lim Ax {Q n / JIjG n) ^ lim (^n/4^n) ^ 0. (26) 

l>0 l>0 l>0 

From the Artin-Rees lemma (see [1]) it follows that there exist a natural number k 
such that JcGn (^^n — Jci^{JcQn H Tn) for all I > k . Therefore the following maps are 
well defined: 

1/ JcQn l~l -^n ^ ^ nj Jq n and J- n/ a ^ ^ 1/ JcQn ^ J'n- 

Therefore Ax{^n/ Jc^n^ ^n) and Ax{^n/ Jc^n) are cofinale projective systems when 
I run over natural numbers. Hence 

lim AxiJ^^O^ Jc/Jc) = \imAx{Tn/fc^n) = Mm Ax{Tn/ fcGn H Tn) ■ 
m>n l>0 l>0 

Hence, from (26) and after the passing to injective limit we get that the functor Ac is 
exact. 

□ 
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For any coherent sheaf c on X we have that the complex Ac{^) has the following 
form: 

A{J^) X n B,{^) D{J^) 

x€C 

From proposition 11 and similar to the proof of proposition (10.13) from [1] we get that 
B^{J^) = B^{Ox) ®6^,^^- We denote = B^{Ox) • 

Let T C k{X) be an invetible sheaf on X. Then the complex Ac{^) has the 
following explicit form 

x&C 

where the product is taken over all points of the curve C , the field k{X) is a completion 
of the field k{X) with respect to the discrete valuation given by the irreducible curve C , 
the ring B^ is an O^^x -submodule in the ring Kx^c ■ 
The ring A^; has the following explicit form 

Ac = {fx} e n ^x,c such that 

xec 

for some local parameter uc which gives the curve C on open U G X , for almost all 
X & C n U from decomposition fx = J2 cix,iUc we have that for every i a collection 

i 

{0'x,i G k{C)^} is a usual adel on the curve C . (It means that for every fixed i for almost 
all points a; G C we have ax,i G ^j^-^ •) 

Suppose that the point x is a smooth point on the curve C , then after the choice of 
local parameters we have K^^c — k'{{t)){{uc)) and B^ — k'[[t]\{{u)) . {k' — k{x) is the 
residue field of the point x .) 

For any invertible sheaf C k{X) we denote 

x&C 

For any invertible sheaves T and H such that H. <Z J- C. k{X) we have that a 
k -space 

Wr/Wn=llBx®6.JJ'/n) 

is a linearly locally compact space. Therefore for any invertible sheaves J- , Q from k{X) 
it makes sence the following definition from section 3.2. 

[Wr I Wg\2 = hm [W^ \ Wg ; Wnh. 

W-H 

where the limit is taken over all invertible sheaves Ti, G Q , Ti <Z J- . 
We consider a central extension 

o^z^MT)v^ ^k{xy^i, (27) 



X 



where k{X)*y^^ consists of a set of pairs {g.,d) , g e k{Xy , d E [Wox^g^Oxh ■ We 
define a standart multiplication {gi, di){g2, d-i) — {gig2, digi{d2)) ■ 
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Proposition 12 Let the curve C be projective. Then the central extension (27) splits. 

Proof. For the invertible sheaf !F C k{X) we consider the cohomology of the complex 
Ac{^) ■ The cohomology groups if*(X, JF® Jq/ Jq) are finite dimensional and coincide 
with the cohomology of the complex Ax{^ ® Jcl ^c ) ■ Therefore the cohomology of the 
complex Ac{^) coincides with 

lim lim H\X, Jg/ J^). 

n m>n 

Hence we have that H^{A{J-')) is a linearly locally compact /c -space with a topology 
given by inductive and projective limits. 

For A; < n < m let (pknm ■ H\X,T^ Jc/Jc) ^ H\X,J^0 Jc/Jc) be a natural 
map. Let Ker (pnm — hm Ker (pknm ■ We denote 

k 

H^'{Ac{:F)) = lim lim W{X,J^®J^,/J^)/KeT 

n m>n 

Then a /c -space H^'{Ac{^)) is a linearly locally compact space, and we have a natural 

map H^AciJ")) ^ H''{Ac{^)) ■ 

Here we go from the non-Hausdorff space to the Hausdorff space, i.e., we take a 
factorspace by the closure of zero in H^{Ac{^)) ■ 

Let J-' G Q G k{X) be invertible sheaves, then we have an exact sequence 

^ H'iAciJ")) ^ H'iAcm ^ H'iAciQ/J')) ^ H'XAciJ')) ^ H^iAciG)) - 0, 

(28) 

which one obtains from the usual long exact cohomological sequence by means of fac- 
torspace by the closure of zero in each term. 

We denote Dim^c(^) = Homz(Dim(//i'(^c(^))), Dim(//0(^c(^)))) ■ Now by the 
similar reasons as in the proof of proposition 9, and from exact sequence (28) we have a 
canonical isomorphism 

[WV I Wg]2 Homz(Dim(^c(J^)), Dim(^c(^?))) (29) 

for any invertible sheaves JF and Q from k{X) . 

Any element h e k{X)* maps Dim(^c(^)) to Dim{Ac{hJ^)) . Therefore by the 
similar reasons as in the proof of proposition (10), and from isomorphism (29) we get that 
the central extension (27) sphts. 

□ 

5.2 Connection of central extensions, which come from a curve 
and from a point. 

Let X be a smooth algebraic surface, C be an irreducible curve on X , a; be a point on 
C . We consider a group H — Frac(0^,x)* ■ 
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We consider a central extension 



^ Z — > Hb^ ^ H ^0, (30) 

where Hb^ is a set of pairs {g,d) , g & H , d & [B^ \ gB^] with a standart multiphcation 

{gi,di){g2,d2) = (gig2,digi{d2)) . 

We consider another central extension 

^ Z ^ Ho,^^ ^H^O, (31) 

where i^Ox ^ ^ pairs {g,d), g & H , d E [Ok^c I S'^^^ic] with a standart 

multiplication {gi,di){g2,d2) = {gig2,digi{d2)) . 

Proposition 13 The central extension (30) is dual to the central extension (31). 

Proof. Let be an invertible sheaf, c k{X) . A scheme SpecO^j^x \ C is affine, 
therefore by theorem 2 from [14] the cohomology of complex Ax,c{^) 

{B, ^) X {Ok^^^ ^-,c 

coincide with cohomology groups W{U,!F \ U) , where U — SpecOj;,x \ x is a one- 
dimensional scheme. Indeed, the complex Ax,c{^) is a complex from the Krichever cor- 
respondence (or restricted adelic complex) for the one-dimensional scheme U , the closed 
point C nU on the scheme U and the affine scheme U \{C nU) . 

Prom the proof of proposition 8 it follows that a Z-torsor Dim(^a;^c(-^)) — 
Homz(Dim(i/^(A,c(^))),Dini(//°(A,c(^)))) is well-defined. Let C Q , then we ap- 
ply the functor Ax,c , and from the long cohomological sequence we obtain the existence 
of the following isomorphism 

[Bx JF I Bx Q]2 ®-L [Ok^^c ®d^,x ^ I ^K^,c ®d^,x — ' 

Homz(Dim(A,c(-^)), Bim{Ax,ciQ))) (32) 

We consider a central extension H which consists of a set of pairs {h, d) , where h E H , 
d e [Bx I hBx]2 ®i \Pk^c I ^^^a:c]2 with a standard multiplication ((^i, (ii)(5'2, (^2) = 
{gig2,digi{d2)) ■ By the similar reasons as in the proof of proposition 10 and from (32) 
we get that the central extension H splits over the group H . 

□ 

Remcirk 8 Prom this proposition and from (10) it follows that the commutator of liftings 
of elements in central extension (30) is equal to minus commutator of liftings of elements 
in central extension (31). 

Theorem 3 Let f,gE k{X)* . Then the following sum contains only a finite number of 
non-zero terms and 

T.^^,c{f,9)-0, (33) 

where the sum is taken over all points x of the irreducible projective curve on the surface 
X . 
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Proof. From proposition 12 and by the similar reasons as in the proof of theorem 2 we 
get that the sum of commutators of liftings of elements from k{X)* , which are computed 
from central extensions (30), is equal to zero. 

Now from remark 8 and theorem 1 we get that every commutator of lifting of elements, 
which is computed from central extension (30), coincides with —i'x,c ■ 

□ 
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